The Glauber-Sudarshan P-representation is used in quantum optics to distinguish between semi-classical and genuinely quantum electromagnetic fields. We employ the analog of the Prepresentation to systems of identical bosons and show that the violation of the Cauchy-Schwarz inequality for the second-order correlation function is a proof of particle entanglement. The present derivation applies to any quantum system of identical bosons, with either fixed or fluctuating number of particles, provided that there is no coherence between different number states. In the light of recent experimental advances in single-particle detection, the violation of the Cauchy-Schwarz inequality may become an easily accessible entanglement probe in correlated many-body systems.
The Glauber-Sudarshan P-representation is used in quantum optics to distinguish between semi-classical and genuinely quantum electromagnetic fields. We employ the analog of the Prepresentation to systems of identical bosons and show that the violation of the Cauchy-Schwarz inequality for the second-order correlation function is a proof of particle entanglement. The present derivation applies to any quantum system of identical bosons, with either fixed or fluctuating number of particles, provided that there is no coherence between different number states. In the light of recent experimental advances in single-particle detection, the violation of the Cauchy-Schwarz inequality may become an easily accessible entanglement probe in correlated many-body systems.
Although the foundations of quantum and classical physics are much different, it is often difficult to construct a simple criterion of "quantumness" of a particular system. A good example of a non-classical behavior is, according to the Schrödinger equation, the ability of particles to exist in superpositions of quantum states. The most prominent manifestation of such superposition is the Young double-slit experiment for massive particles, which confirms their wave character. For optical waves it is the opposite -the non-classical electromagnetic field is that consisting of individual photons. The challenging question whether, and in what sense, the pulse of light is quantum, was among the key issues triggering the development of quantum optics.
The problem was formalized by Glauber and Sudarshan in their studies on coherence in the context of correlation functions [1, 2] . They employed the coherent states |Φ defined by the relationÊ (+) (x) |Φ = Φ(x) |Φ , whereÊ (+) (x) is the positive-frequency part of the electromagnetic fieldÊ(x), and expressed the density matrix using the so-called P-representation ρ = DΦ |Φ Φ| P(Φ).
(
The symbol DΦ denotes the integration measure over the set of complex fields Φ. The state of light is classical if the outcome of the measurement can be explained in terms of classical electromagnetic fields, which happens when the P-representation can be interpreted as a probability distribution, which means that it is normalized and
for any volume V. When the P-representation does not satisfy condition (2), the field is said to be quantum. Once the electromagnetic field is quantized, photons can be treated on a more equal foot with other particles. It is then reasonable to ask the question about correlations between individual particles and in this context the concept of particle entanglement emerges [3, 4] . The possibility for particles to be entangled, which is a purely quantum phenomenon, has rather dramatic consequences. The quantumness of entanglement is underlined by the word "paradox" often used to describe some highly counter-intuitive phenomena such as the Einstein-Podolsky-Rosen (EPR) paradox [5] and the related Schrödinger's cat problem. Apart from fundamental aspects, systems of entangled particles have applications in quantum information [6] , teleportation [7, 8] or ultra-precise metrology [9, 10] . Entanglement is also believed to contribute to the extreme efficiency of the energy transfer in the process of photosynthesis [11] .
Much as a fascinating consequence of quantum mechanics, entanglement is also elusive. It is not simple to entangle particles on demand, because this requires complicated experimental strategies and it is difficult to protect them from the destructive influence of the environment, which inevitably leads to decoherence [12] [13] [14] [15] [16] . Finally, even if a non-classical state reaches detectors fairly intact, it is often not clear which quantity should be measured to witness entanglement. This last difficulty is related to the very definition, which states that a particle-entangled state is such that is not separable, meaning that it cannot be written as a mixture of product states of N particles [17] [18] [19] 
Here p i 's are non-negative weights that add up to unity. The consequence of this indirect definition is that to characterize entanglement we usually first refer to some bounds achievable by separable states. A good example is the two-mode quantum interferometer, which utilizes a collection of N qubits in stateρ to determine an unknown phase θ. If the precision of the parameter estimation ∆θ is better than shot-noise ∆θ = N − 1 2 (the smallest error attainable with separable states), thenρ is entangled [10] . However, in most cases the argument cannot be reversed, just because we do not know what is the entangled state.
We underline that entanglement of identical bosons might simply result from the symmetrization. In context of quantum information, such type of entanglement has been disregarded because in most protocols the particles are well-separated and can be addressed individually by local measurements [20] [21] [22] [23] . Nevertheless, it has been recently demonstrated that entanglement of identical particles can be mapped onto the mode entanglement useful for quantum information by means of simple operations like the mode splitting [24] . As an illustration, consider a pure state |1, 1 of a pair of identical bosons occupying far separated modes. This state is particle-entangled due to symmetrization, but naturally it is not mode entangled. However, if the particles are brought together and simultaneously pass a beam-splitter, the state is transformed into the NOON state 1 √ 2 (|2, 0 + |0, 2 ), which is both mode-and particle-entangled. This demonstrated that using a beam-splitter it is possible to extract useful correlations between the modes starting from a state which is only particle-entangled.
The results of [24] shed new light onto the entanglement of identical bosons, which so far has been regarded mainly as a resource for sub shot-noise quantum metrology. As mentioned above, the precision of parameter estimation can be improved if the input port of an interferometer is fed with a spin-squeezed state [25] [26] [27] , which is entangled due to the indistinguishability of the constituent bosons [17] . The spin-squeezing was recently generated with cold bosonic atoms [28] [29] [30] [31] [32] [33] [34] and its usefulness for ultra-precise interferometry was demonstrated.
In this work we employ the analog of the Prepresentation (1) to formulate a new yet simple criterion for particle entanglement. It is based on the measurements of the second order correlation function and is valid for any system of indistinguishable bosons with either fixed or fluctuating number of particles, for as long as coherences between different number states are absent. The discussion begins by stating that a separable pure state of N identical bosons |φ; N must be a product of N identical single-particle orbitals |φ , i.e.
When the bosonic field operatorΨ(x) acts on the state (4), the result iŝ
which is a fixed-N counterpart of the property of a coherent state of light |Φ . In Eq. (5), φ(x) is a single-particle function, which determines the spatial properties of the system. As we prove in the Supplementary Materials, rephrasing the arguments of [35, 36] , the general separable state of N identical bosons is a mixture of different states (4),
where Dφ denotes the integration over the complex field φ and P(φ) is the probability distribution, which means that it is normalized and its integral over any volume V is non-negative, i.e.
There is a direct analogy between the P-representation from Eq. (1) and P(φ) from Eq. (S7). Recall that if the former does not satisfy condition (2), then the electromagnetic field is genuinely quantum. Analogically for N indistinguishable bosons, if condition (7) is not fulfilled, then the density matrix cannot be written as a statistical mixture (S7) meaning that particles are entangled.
FIG. 1. Schematic illustration of the system of N identical bosons with two designated regions. By means of the coefficient C defined in Eq. (11), the Cauchy-Schwarz inequality quantifies the strength of the second order correlations between the particles occupying these two regions. All values of C, which exceed unity, are not allowed by classical mechanics and signfy particle entanglement.
In the domain of quantum optics, various criteria were introduced to verify if the state's P-representation satisfies condition (2) . Among them we find the CauchySchwarz inequality (CSI) for the second order correlation function and the related number squeezing between two regions [37] [38] [39] . For instance, the CSI can indicate if the P-representation is partially negative, which signifies entanglement in a two-party system [40] . Here we show to which extent these criteria apply to systems of N identical bosons as probes of particle entanglement.
For separable states (S7), the second-order correlation function, calculated using Eq. (5) is
For the considerations that follow, we introduce two regions a and b having volumes V a and V b and an integrated second-order correlation function (8)
where I i/j (φ) = V i/j dx|φ(x)| 2 with i and j being either a or b. We now apply the Cauchy-Schwarz inequality (CSI) for non-negative functions
which gives
On the other hand, a particle-entangled twin-Fock state of N identical bosons equally occupying two modes, i.e.
, which violates the CSI. To summarize, we have shown that (a) the CSI is satisfied by all separable states of identical bosons and (b) there exists an entangled state, by which the CSI is violated. Therefore the CSI can be treated as a criterion for particle entanglement.
A broad family of entangled states, which violate the CSI can be identified using the number-squeezing parameter defined as a variance of the population imbalance operator between the two regions,
. This parameter can be expressed in terms of the local-and cross-correlations as follows
First, consider a balanced state with n = 0 and G
bb . In this case η 2 = 1 − 2
The system is number squeezed, η 2 < 1 when C > 1, so the numbersqueezing is equivalent to the violation of the CSI and signifies particle entanglement. If the state is not balanced, one cannot link the number squeezing with the CSI, due to presence of the non-vanishing term n 2 . As an example, take a separable state of N particles in a pure state |φ 0 ⊗N , divided into two unequal parts. We obtain that
, so the number squeezing is present without entanglement. Clearly, the CSI is more universal then the number squeezing parameter, because its violation always implies entanglement of identical bosons and its construction does not require any assumptions about the two regions. Nevertheless, the relation between the integrated correlation functions (9) and η 2 from Eq. (12) is a strong suggestion that the violation of the CSI is more likely to manifest in systems, where the fluctuations between the regions are reduced rather then enhanced. In line with this argument, the CSI criterion does not detect entanglement of the NOON state
(|N, 0 +|0, N ), which has maximal fluctuations between the modes, i.e. η 2 = N , while C = 0.
The CSI criterion from Eq. (11) applies to systems with fixed number of particles, such as an array of trapped bosonic ions [41] or pairs of photons post-selected from the parametric down conversion signal [42, 43] . However, for large systems, the number of particles is usually hard to control and differs between experimental realizations so in this context it is relevant to extend above considerations to cases when N fluctuates. In such case, in the absence of coherence between states with different N , the density matrix of a separable state readŝ
where p N is the probability for having N particles in the system, while P N (φ) for each N and satisfies condition (7) . Now the CSI involves the integrals (9) averaged with p N thus N (N − 1)P(φ) is replaced by
By inspecting the above formula, we note that even if some P N (φ) is partially negative, the CSI can overlook entanglement present in this N -particle sector as long as the averaged P N (φ) is positive. From the point of view of inequality (11), the separable part of P N can overshadow the entangled component. The CSI criterion can be compared with yet another method of detecting entanglement in many-body systems known from quantum metrology. The Quantum Fisher information (QFI), denoted here by F Q [44] , provides a lower bound for the precision ∆θ of the estimation of an unknown parameter θ in a series of m experiments, ∆θ
The value of F Q is determined by the properties of the stateρ and the transformation, which introduced the dependence on θ in the system. A particularly important case is when θ is the relative phase between two modes ofρ, imprinted by an interferometer represented by a unitary transformation e −iθ n·ˆ J . Here n ·ˆ J is a product of a unit vector and the vector of angular momentum operators [45] . This interferometric transformation addresses each particle independently, so it cannot entangle them, and F Q N holds for all separableρ [10] . Consequently, all two-mode states for which F Q > N must be entangled.Typically it is not even necessary to find ∆θ to estimate the value of F Q . Usually in the experiment, some quantity χ F Q is measured, such as for instance the inverse of the spin-squeezing parameter [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] . If χ > N , then also F Q > N meaning that the system is particle-entangled.
Contrary to the interferometric criterion, the CSI from Eq. (11) does not involve any assumptions about the modal structure ofρ. Moreover, the QFI is inevitably related to an interferometric transformation, so to experimentally confirm the entanglement one is usually bound to use this interferometer [46] . On the other hand, the CSI criterion is not linked with any transformation, and is solely based on the measurement of the integrated correlation function (9) .
However, the metrological approach is more powerful than the violation of the CSI, because it is sensitive to a wider spectrum of entangled states -thanks to the freedom of choice of the interferometric apparatus. This can be illustrated by considering the bare phase imprint, which is represented by the transformation with n = (0, 0, 1) T . This interferometer fed by the NOON state gives F Q = N 2 , while the CSI criterion does not detect entanglement, as argued above.
Another advantage of the QFI can be shown using a twin-Fock state |ψ tf introduced above, which is passing through the Mach-Zehnder interferometer represented by the interferometric transformation with n = (0, 1, 0) T .
Then
showing that the state is strongly entangled and the correction to the no-entanglement limit F Q = N is quadratic in N . In contrast the CSI gives C = 1 + 2 N −2 so the deviation from the classical limit C = 1 becomes negligible for large N .
The above example underlines the main difference between the QFI approach and the CSI criterion. The former, although usually difficult to implement, exploits information about the whole density matrix. The latter, much easier to check experimentally, is based solely on the second-order correlation function. Therefore, when N is large, much knowledge about the non-classical relations between the particles, contained in higher order correlations, is lost.
One can overcome this limitation using the CSI calculated with higher order integrated correlation functions G (n) ij between n/2 particles in region i and other n/2 in j. When N is large and n ≪ N , the coefficient C for a twin-Fock state is C ≃ 1 + 1 2 n 2 N , showing increasing deviation from unity with growing n. This way it is possible to increase the accuracy of entanglement detection for instance in cold-atoms systems, where ultra-precise measurements of spatial correlations up to sixth order were recently reported [47] .
Finally, we provide a simple example to illustrate that the indistinguishability of particles is crucial for the violation of the CSI to be used as an entanglement probe, while a rigorous discussion is presented in the Supplementary Material. Consider two particles occupying two modes φ (a) and φ (b) in a Werner state [19] 
where
1 ) and 0 p 1. Since the identity operator is spanned by the triplet of bosonic vectors |ψ 1 , |ψ 2 = |φ
and a fermionic singlet
1 ), thenρ w is not a state of indistinguishable bosons apart from p = 1. For this state, the second order correlation function can be easily calculated. For instance, G [18, 48] ,ρ w is entangled only when p > 1 3 , which confirms that indeed, the violation of the CSI does not imply entanglement of distinguishable particles.
In conclusion, we have demonstrated that the analog of the Glauber-Sudarshan P-representation used in quantum optics, can be employed to show that the violation of the CSI for the second-order correlation function proofs entanglement in any system of identical bosons. The CSI condition is not as powerful as those inferred from quantum metrology, but usually is much simpler to implement. It could be used as a direct test of entanglement for instance in systems, where the number-squeezing is likely to be present. Among those are the twin-beam setups [49, 50] , halos of particles scattered in the BEC collisions [51] [52] [53] [54] [55] and many other correlated systems. After the CSI violation is demonstrated, the systems are ready for potential applications, for instance in ultra-precise metrology. The violation of the CSI was already measured in a collection of 4 He particles emitted from a pair of colliding Bose-Einstein condensates (BECs) [57] . The BECs are formed of identical bosons and since typical energies of the decohering processes are not high enough to distinguish the particles by changing their internal structure, we conclude that this experiment demonstrated entanglement in a many-body system. The calculation starts from the general form of the density matrix of a separable state of N particles, which is a mixture of N -particle product states, i.e.
Here,ρ
i is the density matrix of the j-th particle, while p i are the statistical weights of the mixture. This N -body density matrix can be rewritten aŝ
where each N -particle ket |ψ i is a product of N singleparticle pure states
For indistinguishable bosons, only states, which are symmetrized with respect to the particle interchange, are permitted. These states span the bosonic subspace H B of full N -body Hilbert space H. We introduce the operator Π B , which projects onto H B and note that ifρ describes a separable state of N identical bosons, it must be unaltered by the action ofΠ B . In particular the equality
is fulfilled if Tr Π B |ψ n ψ n | = 1 for all i, meaning that each |ψ i belongs to H B . The only pure state, which is symmetic and separable is a product of N identical single-particle states |φ i , so Eq. (S3) simplifies to
The general separable state of indistinguishable bosons is a mixture of such states and readŝ
or when the set of states |φ i ; N is continouŝ
where symbol Dφ denotes the measure of the integration over the set of states |φ; N . This expression coincides with Eq. (6) of the article.
Example: two qubits. In this example we apply the above formalism to determine the general form of the separable state of two identical qubits.
Consider a separable state of two qubitŝ
where the density matrix of each qubit can be represented using the set of Pauli matrices σ = (σ x ,σ y ,σ z )
This operator is a valid density matrix when the length of the vectors s
We introduce the triplet of bosonic states
(S10a)
(S10b)
together with the operator
which projects onto H B . The trace of the density matrix (S8) projected onto H B is
It is equal to unity only when s j are pure and identical for both qubits, which means that the bosonic density matrix readŝ
which is consistent with Eq. (S6).
APPENDIX 2: IMPORTANCE OF THE INDISTINGUISHABILITY ASSUMPTION
In this section we show that the indistinguishability of particles is vital for the violation of the CSI to be used as an entanglement criterion. To this end, we calculate the second-order correlation function for a separable state (S1) without imposing the indistinguishability of particles
Tr ρ sepΠ (n) (x) ⊗Π (m) (x ′ ) . (S14)
Here,Π (n) (x) projects the n-th particle onto the position state |x , while the sum ensures that all possible combinations of one particle being at position x and the other at x ′ contribute to the correlation function. Using Eq. (S1) we obtain that
where the one-body probability for finding the n-th particle in stateρ (n) i
at position x reads
If particles are identical, then these probabilities do not depend on indices n and m. In this case, the sum over n = m gives the coefficient N (N −1) and after integrating x over volume V i and x ′ over V j , we obtain the discrete version of Eq. (9). However, if particles are not identical, then the sum over n = m gives
where f i (x, x ′ ) does not factorize into a product of functions of x and x ′ . In consequence, after the integration of Eq. (S17) over the regions a and b, it is not possible to introduce two separate functions I a (φ) and I b (φ). Therefore, no such relation as in Eq. (11) of the article can be established.
